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Summary. A theoretical analysis of the possible effects of non-ideality on the shape of transition
curves and parameters of spin crossover equilibria in the liquid phase is given. A statistical
mechanical derivation of the law of mass action shows that molar concentrations rather than mole
fractions should be used for descriptions of equilibria in the liquid state. The volume changes
accompanying spin crossover contribute to the entropy of spin crossover, but this contribution should
not exceed 2.1J-mol~!-K~!. The shapes of spin crossover curves are sensitive to the effects of
internal pressure. These effects may result in a non-gradual spin crossover in the liquid phase.
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Introduction

Spin crossover equilibria have attracted considerable interest in recent years [1-4].
The most interesting results so far obtained are for solid state systems, but liquid
systems are also being investigated. Spin crossover compounds are usually solid,
crystalline substances poorly soluble in any solvent. In the liquid phase, these
equilibria can therefore be investigated only in very dilute solution which is
believed to be similar to the state of rarefied gaseous mixtures that can be described
by the law of mass action pertinent to an ideal gas. Indeed, the interactions between
reacting species (HS and LS molecules in equilibrium) are well shielded by solvent
molecules, and such a system can be considered as a system of statistically
independent particles. There are, however, no fundamental reasons against the
existence of a highly soluble, or even a liquid, spin crossover system. In such a
system the phenomena connected with strong molecular interactions, i.e. steep spin
crossover [5] and two-step spin crossover [6], might be observed in the liquid state
(e.g. in liquid crystals). Also, the effects of interaction with the solvent in dilute
solutions are not negligible, and it is of considerable interest to investigate the
possible effects of molecular interactions in the liquid phase on the shape of spin
crossover transition curves and their parameters.

In the present paper, several forms of the law of mass action applicable to non-
ideal liquid spin crossover systems (both pure and in the presence of solvent) will be

* Corresponding author



236 A. B. Koudriavtsev and W. Linert

derived. Spin crossover transition curves can be found as solutions of the equation
of the law of mass action derived from the condition of minimum in the thermo-
dynamic potential. A physically meaningful description can be obtained using a
statistical thermodynamic approach.

Results and Discussion

The partition function for an ideal binary mixture (a hypothetical liquid spin
crossover compound) at low temperature must be not very different from that for a
solid binary mixture ([7], chapter 17):
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In Eq. (1), the factor e accounts for the possibility of a molecule migrating within
the whole volume of the system, ) is the potential energy of the molecule A
(comprising the electronic energy and potential energy in the mean field), z; is the
product of the partition functions for internal degrees of freedom including the
degeneracy factor, and v = V /(N + Ng) is the volume per molecule.

If we consider the volume per molecule v as invariant, the expressions in
parentheses in Eq. (1) are composition independent, and the Helmholtz free energy

becomes similar to that of an ideal binary crystal:
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In such a case, the free energy is a function of the mole fractions of components.
The invariance of the volume per molecule in the liquid phase implies equality of
the molar volumes of components. In fact, Raoult’s law, formulated with respect to
mole fractions, is only applicable to mixtures of molecules of approximately equal
volumes.

However, liquid reaction mixtures at constant pressure are generally
characterized by invariance of the total volume. The densities of liquids made
up of the same atoms are approximately equal. Any reaction mixture at equilibrium
consists of the same atoms in the same amounts as the initial mixture of reactants.
Therefore, the total volume of a reaction mixture at equilibrium should not
significantly differ from that of the initial mixture. For such a case, an equivalent
form of the partition function can be obtained from Eq. (1) by replacing v by
V/(Na + Ng) and applying the Stirling formula:
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The free energy is then a function of molar concentrations of the components.
Therefore, the law of mass action for a reaction in a liquid should, in general, be
formulated with respect to molar concentrations rather than mole fractions.
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It is also not difficult to show that for liquid systems at not too high (constant) a
pressure the Helmholtz free energy can be used in the derivation of the law of mass
action instead of the Gibbs free energy. For a spin crossover in the liquid state
without a solvent according to Eq. (5), the Gibbs free energy, expressed as a
function the current number of molecules of component B (np), is given by Eq. (6)
in which N = na + np is the total number of molecules.

A (LS) = B (HS) (5)
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The condition of equilibrium of such a reaction corresponds to dF /dng = 0. It is
well known that the volume of HS species is significantly higher (by ca. 30%) than
that of LS species [1]. In such a case we must consider the volume Vas a function of
composition, and the derivative of free energy becomes
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We see that, although the terms InV cancel out (the reaction is isomolar), those
containing the derivative of volume by ng do not:

qB ng N pV \ dV
In=2—ln—4+—(1-22)=—=0 8
nqA nl’lA+V< NkT) dl’lB ()

For liquids, the term pV/NkT is much smaller than 1 because the volume of a
substance in the condensed state is about 1000 times smaller than the volume of the
same number of molecules in the ideal gas state (Nk7/p). This term can therefore be
neglected for pressures up to tens of atmospheres. The Helmholtz free energy can
then be used in the derivation of the law of mass action for reactions under constant
pressure in both liquid and solid state, and Eq. (8) can be written as
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When the expected volume changes are small, the last term in Eq. (9) can be
represented in a logarithmic form: £6 = In (1 £ 6). Taking further into account that
N = na + ng and adding and subtracting InV, the non-ideality term can be trans-
formed into activity coefficients:
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Taking into account that dng/dna = —1 we can write Eq. (10) as:

qB ng ng dV na na dV
In——mhn{—(1——— In{—=(1——— =0 10
nqA n(V( VdnB>)+n<V( le’lA ( a)



238 A. B. Koudriavtsev and W. Linert

Equations (10) and (10a) clarify the physical significance of activity coefficients,
but for a theoretical analysis Eq. (9) is much more useful. In order to obtain the
non-ideality term as an explicit function of composition, we can suppose (as a first
approximation) that the volume V is additive with respect to the numbers of
molecules of components:

V= (N—I’ZB)UA + ngvp :N(UA —|—XBAU) (11)

va and vg are the molecular (or molar) volumes of the components, and

Av = vg — vy is the balance of molecular volumes of products and reactants. The

derivative dV /dng then equals Av, and the law of mass action (Eq. (9)) becomes
qB XB Av

In——1 =0 12
nqA nl—xB+1/A+xBAv (12)

or, employing the dimensionless parameter ay = Av/va:

A e R A (12a)
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The term In (¢g/ga) can be formally represented as:
qB . AEO + ASO
gn RT R
It has to be considered, however, that AE? and AS° are not true standard
internal energy and standard entropy of reaction, respectively, but their ideal parts
corresponding to zero volume changes. Making use of Eq. (14) to calculate

temperatures corresponding to given compositions thus enables transition curves to
be simulated.

In (13)

0
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Simulations according to this equation show comparatively small variations of
the steepness of the transition curve (Fig. 1). Corresponding van’t Hoff plots (Fig.
1B) indicate that volume changes affect mainly the entropy of spin crossover:
AS* =42.97-mol ! - K! for Av/vy = 0.3 vs. 42J -mol~'K~! for Av = 0. Such
a contribution is comparatively small and cannot explain discrepancies between the
lowest observed entropies of spin crossover in Fe(Il) complexes (about 37.8—
427 -mol~'K~! [1]) and the theoretical value of 13.4J-mol~'K~! originating from
electronic degeneracy. The standard energy of spin crossover is but slightly affected
by the volume changes expected for a spin crossover equilibrium: AE® = 11
(Av/va = 0.3) vs. 10.5kJ -mol~! in an ideal solution. Very large volume changes
cause an insignificant decrease in AE?, for example AE? = 9.9kJ-mol™! for a
doubling of the volume. This type of non-ideality therefore does not predict
singularities such as steep spin crossover'.

! The tangent at the deflection point of the curve xg = f(T) can virtually be vertical when either x is
negative or x > 1, both cases being physically meaningless.
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Fig. 1. Transition curves (A) and van’t Hoff plots (B) simulated for a spin crossover system with
AE® = 10.5kJ - mol~! and AE®/AS® = 250 K; curve 1 corresponds to an ideal solution (Av = 0),
curve 2 to awy = +0.3, and curve 3 to ay = +1.0

By taking into account volume changes, we have implicitly admitted that
molecules have finite volumes, i.e. we have accounted for the repulsive interactions
between molecules. Non-zero balances Av also imply that molecular volumes can
be non-additive with respect to elemental composition. This is a result of different
strengths of interaction and the arrangement of atoms within the molecules of
products and reactants. Such a theoretical treatment of an equilibrium in the
condensed state corresponds to one of the earliest theories of liquids developed by
Jiiger [8] which considered an ideal liquid as an assembly of hard spheres
interacting repulsively but held together by internal pressure. The latter appears
explicitly when we take into account the attractive forces between molecules. A
useful model of free volume can be advantageously used for the derivation of
another form of the law of mass action for the spin crossover equilibrium in the
liquid phase. The free volume can be considered as the volume of free motion of the
centres of mass of the molecule [9]. This leads to the following relationship between
volume and free volume [10] in which & is a structural constant relating volume to
lattice constant (V = kNa3).

2kNKT )rg [%kTr (1)

p+ N(Ou/0V ou/oV

The term N(0u/0V) equals the negative internal pressure. The derivative du/0V
can be approximated by the molecular vaporisation energy per unit volume
(Ev/NV) [10]. Note that the free volume cannot be larger than the volume of a
system, and therefore the molecular energy of vaporisation must be higher than
2kkT.

At a first glance, the substitution of the volume by the free volume in Eq. (9)
would not change anything substantially since we can assume the additivity of free
volume and obtain the non-ideality term in the form of Awv¢/(vf). However, looking

Vf:V|:
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more closely, we find that the free volume given by Eq. (15) reflects both the
attractive interactions and the repulsive interactions between the hard spheres of
Jdger’s model. To a first approximation, the energy of attractive interactions
(vaporisation energy) can be assumed to be additive.

For the spin crossover equilibrium (Eq. (5)) in the presence of solvent, the
additivity of the energy of vaporisation can be written as

Ev = Neg +Ns€s+nB(EB—EA) (16)

in which €y, €p, and g are the vaporisation energies of components per molecule
(assumed to be independent of the composition), and N = na + ng equals the initial
number of molecules of reactants. The free energy can thus be written as

F 2k(N + Ng)kT
kT NEA +Ns€s+l’lB(€B —€A>
2k(N + Ns)kT >
— Inng
Nea + Nses + np(ep — €a)
2k(N + Ns)kT
Nea + Nses + np(eg — €a

(N — ng) (ln gaeV + 31n

+ ng (ln ggeV +31n

+ Ns (lnqseV+ 31In ] — lnNs> (17)
For simplicity sake, we consider the volume as constant and investigate the effects
of internal pressure alone. The law of mass action derived from the condition

dF /dng = 0 contains the derivative of vaporisation energy with respect to ng,
dEy/dng = Ae = eg — ea:

In q_B 3A€(N+Ns) ng

- —In =0 (18)
ga Nea + Nses + nglAe N —np
Expressing In (gs/qa) as AE°/RT — AS°/R we get
AE® AS° 3Ae(N + N
- - e+ Ns) R (18a)
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Dividing the numerator and denominator in (18a) by N and €, we get an expression
with respect to the degree of conversion x = ng /N and the dimensionless parameter
ag = Ag/ep:
AEY  ASY 3ag(l + Ns/N
= s+ Ns/N) 0 > g (4sh)
RT R 1+ (Ns/N)(es/ea) + xag 1 —x
Note that x is not the mole fraction of B (xg = ng/(N + Ng)).
When the dependence of volume on composition is also taken into account, the
resulting law of mass action can be written as

CAEY A8 ay(1+ Ns/N)
RT R 1+<Ns/N)(’Us/’UA)+XCVV
30[13(1 +N5/N) X

T T E (Ns/N)(EsJen) txom M= 0 (19)

in which ay = Av/va. If ay and ag are not zero and do not compensate each
other, the non-ideality terms in Eq. (19) do not vanish at infinite dilution: under the
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condition Ng > N, Eq. (19) is transformed into
0
AR AR Av 3As X g (20)
RT R Vs €s 1—x

In such a case, the non-ideality terms are composition independent and contribute
to the standard entropy alone. Simulations show that for Av = 0.3 v, and Ae =0
such a state is achieved at Ns/N > 10. This contribution depends on the volumetric
properties of the solvent, being higher for smaller solvent molecules. In more
concentrated solutions non-ideality contributes also to the standard energy.

The effects of internal pressure are more significant than those of volume and
may cause a vertical tangent to the transition curve:

B a3 (14 Ns/N) N 3a2(1 + Ns/N) 1 0
(14 (Ns/N)(vs/va) +xay)® (1 + (Ns/N)(es/ea) +xap)® (1 —x)x
(21)
For the simple case of Ng = 0 and ay = 0, this condition is transformed into
302(1 —x)x — (1 + apx)> =0 (22)

For x =1/2 we have two values of ag corresponding to a vertical tangent:
ag=1=% V3, i.e. ca.2.7 and —0,7. Equation (22) has a single solution with respect
to ag at x = 3/4 corresponding to the least (in magnitude) balance of vaporisation
energy’ Ae = —(2/3)ea. Both positive and negative Ac bring about a curvature of
van’t Hoff plots (Fig. 2) which can be interpreted (for small balances Aeg) as an
increase in the standard energy. Negative balance of vaporisation energy brings
about an increase in the standard entropy, whereas positive Ae decreases it (Table
1). Negative ag seems to be more probable for spin crossover as arising from lower
internal pressure in a system of larger HS molecules unless a strong magnetic
interaction between HS species occurs.

Such a behaviour is different from the effects predicted by regular solution
theory [6, 11]: theoretical curves corresponding to varying non-ideality should,
according to this theory, intersect at a transition point (x = 0.5). This difference
arises from the fact that the equations for free energy in regular solution theory
contain square and linear terms with respect to the degree of conversion, whereas
the equation derived above contains cubic and linear terms. The former arises from
the inverse cubic dependence of free volume on the internal pressure (which has
been assumed to be additive). Further analysis shows that this inverse cubic
dependence originates from the model representation of free volume as a volume
within which the centres of mass of the molecules can move in a three-dimensional
lattice. For a two-dimensional lattice one can easily obtain a quadratic relationship:

2
2kkT
Vi=V (23)
ou/oV
2 There are certain limitations with respect to possible values of ag because, according to the initial
assumption, eps/v > p. Therefore, ag cannot be equal or less than —1. However, taking into
account that the volume per molecule v in liquids is ca. 1000 times smaller than in the gaseous phase

(kT/p), this condition means that Ae > 1073 kT, which certainly holds at Ny, > 8.4KkJ - mol~! and
ag > —0.9.
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Fig. 2. van’t Hoff plots calculated for a non-diluted spin crossover system (Ng =0,
AE" =105k -mol™!, AE’/AS® =250K) with a varying balance of molecular vaporisation
energies: ag = +2.5 (1), +2 (2), +1 (3), +0.5 (4), 0.0 (5), —0.3 (6), —0.5 (7), —0.66 (7), and —0.7 (8)

Table 1. Approximation of the curves in Fig. 2 by linear van’t Hoff plots

Ace/ea AE°/kJ - mol ™! AS?/kJ - mol 'K~ Tsc/K
2 19.021184 25.007164 760.6
1 13.022646 30.440592 427.9
0.5 11.226852 34.069854 329.5
0 10.460814 41.86 249.9
-0.3 11.042668 53.610102 206.0
-0.5 13.026832 74.00848 176.0
—0.66 18.644444 124.520942 149.7

The cubic term in the expression for the free energy of a binary non-ideal
mixture also appears (along with square and linear terms) when the interactions of a
molecule with two nearest neighbours (i.e. triple interactions) are taken into account
[11]. In the present treatment we obtain the cubic dependence as a result of three-
dimensional molecular motion. Therefore, these two types of cubic dependence are
of a different nature. The cubic term obtained in Ref. [11] originates in a certain
model of calculation of potential energy of molecules, whereas that obtained in the
present analysis is based on the model of free volume as a space of motion in a three
dimensional lattice.
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Conclusions

A statistical mechanical derivation of the law of mass action for a chemical
equilibrium in the liquid phase shows that, taking into account the approximate
invariance of the densities of liquids, molar concentrations should be used rather
than mole fractions. The non-ideality of spin crossover equilibria arising from
considerable changes in volume brings about a contribution to the standard entropy
of ca. 2.1J-mol~'K~!. Considering the possibility of the non-ideality of a binary
equilibrium mixture from the point of view of free volume, it was found that
singularities (similar to phase transitions in regular solutions) might result from a
non-zero balance of molecular vaporisation energy in a reaction.
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